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Abstract
We show that if k is an algebraically closed field and G a not necessarily connected reduc-
tive linear algebraic group over k, then G(k) is solvable, nilpotent or abelian if and only if
every finite subgroup of G(k) is solvable, nilpotent or abelian respectively. We also obtain the
analogous result for compact subgroups of GLn(C).
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1. Introduction
The aim of this paper is to state and prove that, under certain reasonable condi-
tions, groups of matrices are solvable, nilpotent or abelian if and only if every finite
subgroup is solvable, nilpotent or abelian. Although these results are easily deduced
from well-known results on either linear algebraic groups or compact Lie groups in
combination with some basic group extension theory they have so far, to the best
of our knowledge, not been stated as such. We believe that they might be of some
independent interest but most of all, our motivation was the following.
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In the study of various reducing conditions for semigroups of matrices, the con-
ditions that are either polynomial or closed and R+-homogeneous play a very prom-
inent role (see, for instance, [5]). The usual strategy is to assume irreducibility of
the semigroup in question which may, depending on the given condition, then be
assumed to be Zariski closed orR+-homogeneous and closed (in the usual Euclidean
topology). Then either the minimal nonzero rank of the elements of the semigroup in
question is one––a case that has to be dealt with separately––or one can assume that
the semigroup is an irreducible nonabelian linear algebraic group or a compact group
respectively. The expectation, almost always justified, is that proving or disproving
irreducibility conjectures is a much easier task for finite groups than it is for general
groups of operators. This reduction technique, in a slightly different setting, appears
already in [2] for Zariski closed semigroups and in [4] for semigroups of complex
matrices that satisfy an admissible property (see [4] for details).
2. The results
We use some well-known theory of linear algebraic groups (for instance, see [1])
and compact Lie groups (see [3]). Since we work over algebraically closed fields we
identify linear algebraic groups with their groups of points unless stated otherwise.
Recall that a locally finite group is one such that every finitely generated subgroup
is finite. Also note that if A/B and B are locally finite, then so is A.
First we need a result about groups with connected component a torus.
Lemma 1. Let G be a linear algebraic group over an algebraically closed field or a
compact Lie group. Assume that G0 (the connected component of 1) is a torus. Then
there is a locally finite dense subgroup of G (in the Zariski topology in the first case
and in the Euclidean topology in the second case).
Proof. Set T = G0. We note the following well-known facts about T :
(1) T is divisible;
(2) the torsion subgroup M of T is dense in T .
Now consider the short exact sequence
1 → T/M → G/M → G/T → 1.
Note that G/T is finite and T/M is a torsionfree divisible group and so a vector
space over Q. Thus, T/M is a Q[G/T ]-module. By Maschke’s theorem, T/M is
projective and so H 2(G/T , T /M) = 0, i.e., the sequence above splits. Thus, there
exists a subgroup S of G containing M with S/M finite and ST = G. Since M is
locally finite, so is S. Then M is dense in T , whence S is dense in G. 
Next, we consider unipotent groups in positive characteristic.
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Lemma 2. Let U be a unipotent (not necessarily connected) linear algebraic group
over an algebraically closed field k, char(k) = p > 0. Then U is locally finite.
Proof. Observe that by Kolchin’s theorem U is nilpotent and has bounded exponent
(just take a faithful rational representation of U in some GLn). Then consider its
upper central series. Assume that ζk(U) is locally finite, where ζk(U) is the kth
term in the upper central series. Now, ζk+1(U)/ζk(U) is abelian of bounded expo-
nent, therefore locally finite, which implies ζk+1(U) is locally finite. The claim now
follows by induction. 
We also need the following result which is well-known and folklore.
Lemma 3. Let G be a linear algebraic group over an algebraically closed field k
or a compact Lie group and let G0 denote its connected component in the Zariski
or Euclidean topology respectively. Then there exists a finite subgroup F such that
G = FG0.
Proof. To begin with, assume that G0 = T is a torus and let M be its torsion sub-
group. Then it follows from the proof of Lemma 1 that G contains a locally finite
dense subgroup S containing M with S/M finite. So S = FM for some finite sub-
group F in S and, consequently, G = ST = FT as claimed.
Now assume that G is compact or that the unipotent radical U of G is trivial. Pick
a maximal torus T in G0. The connected component of the normalizer NG(T ) of
T in G is T , so NG(T ) = FT with F finite. Since any two maximal tori of G0 are
conjugate by an element in G0, we have G = NG(T )G0 and consequently G = FG0
with F finite. This finishes the proof in the case of compact groups.
In the case of linear algebraic groups we distinguish between two possibilities. Let
char(k) = 0. Then by Levi’s theorem G = RU , where U is the unipotent radical
of G, and G0 = R0U . Now use the fact that R = FR0 with F finite.
If char(k) = p > 0, write G/U = F(G/U)0 with F finite. Since U is locally
finite by Lemma 2, the inverse image of F in G is locally finite and therefore
there exists a finite group F ′ in G whose image in G/U is F . Then G = F ′G0
as claimed. 
We can now prove the main theorem of this paper.
Theorem 4. Let G be a linear algebraic group over an algebraically closed field k
Then the following holds:
(1) G is solvable if and only if every finite subgroup of G is solvable.
(2) If char(k) = 0 and the unipotent radical of G is trivial, then G is nilpotent or
abelian if and only if every finite subgroup of G is nilpotent or abelian respec-
tively.
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(3) If char(k) = p > 0, then G is nilpotent or abelian if and only if every finite
subgroup is nilpotent or abelian respectively.
If G is a compact Lie group, then G is abelian, nilpotent or solvable if and only
if the same is true for all finite subgroups of G.
Proof. First suppose that the unipotent radical of G is trivial and that every finite
subgroup of G is solvable. We show that the connected component of G is a torus.
If not, the connected component contains a simple algebraic group and so contains
a group of type A1, either SL2 or PGL2. We note that SL(2, 5) or A5 respectively
is contained in those groups (except for the characteristic two case when they both
contain A5) and so not every finite subgroup is solvable. Analogously, if G is a
compact Lie group and the connected component of G is not a torus, then it contains
a simple compact Lie group and hence either SU2(C) or SO3(R) which again contain
SL(2, 5) or A5 respectively.
So we may assume that the connected component is a torus. By Lemma 1 G
contains a locally finite dense subgroup. Thus, any group law satisfied by every finite
subgroup is satisfied by G since any group law gives rise to a polynomial condition
on G. Note that if every finite subgroup of G is solvable, we have a guaranteed
bound on the derived lengths (since there is an abelian subgroup of bounded index–
–namely the intersection of the finite group with the torus). Thus the fact that any
finite subgroup of G is solvable can be stated as a group law. This includes the
abelian case.
In the nilpotent case, we argue as follows. Write G = FT with F finite. Then F is
nilpotent by assumption. Let r be a prime, prime to the order of F and p = char(k),
and let T [rn] denote the rn-torsion subgroup of T . Then FT [rn] is nilpotent, but this
implies that F centralizes T [rn] for all n and r . This implies that CT (F ) is dense in
T and, consequently, F centralizes T and so T is central in G. Since F is nilpotent,
G is nilpotent of class at most 1 more than the class of F . This finishes the proof in
case of compact Lie groups.
Assume now that char(k) = 0 and G is a linear algebraic group over k such that
every finite subgroup of G is solvable. By Levi’s theorem G = RU (U the unipo-
tent radical of G). Since every finite subgroup of R is solvable, R is solvable by the
previous result, but then G is solvable as claimed.
Suppose that char(k) = p > 0 and U is the unipotent radical of G. By Lemma 2
U is locally finite. Now pass to G/U . If every finite subgroup of G is solvable or
nilpotent, then the same is true for G/U since every finite subgroup of G/U is the
image of a finite subgroup of G. By the result above G/U is therefore solvable or
nilpotent respectively. Solvability of G follows directly.
In the nilpotent case, recall that by what we have proved above G0 is solvable and
thus G0 = T U for some maximal torus T in G. As before, let T [rn] be the rn torsion
subgroup of T with r prime to p. Let U0 be any finite T [rn]-invariant subgroup of
U . Then T [rn]U0 is nilpotent and therefore T [rn] commutes with U0. It follows that
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T commutes with U , so T is central in G0. Now write G = FG0 with F finite and
consider H = FT . Since every finite subgroup of H is nilpotent and the connected
component of H is T we have, by what we have shown above, that F is nilpotent and
T and F commute. It follows that T is central in G. Finally, consider K = FU and
write F = Fp × F ′ with Fp the p-part of F and F ′ the p-prime part of F . Observe
that F ′ commutes with U . So we only need to show that FpU is nilpotent. But this
is a p-group and therefore unipotent, hence nilpotent by Kolchin’s theorem. So FU
is nilpotent and, consequently, G is nilpotent since T is central. 
We note that the theorem above applies to any totally reducible linear algebraic
group G < GLn(k). Before we state some other results we give some remarks and
examples.
Remark 5. If the ground field k is of characteristics 0 and n  3 then the group Un
of all unipotent upper triangular matrices in GLn(k) is an example of a Zariski closed
nonabelian group with no finite nonabelian subgroups (actually no finite nontrivial
subgroups). Similarly, in the group Tn of upper triangular matrices in GLn(k) all
finite subgroups are nilpotent (actually abelian), but Tn is not nilpotent.
The example below illustrates the fact that compactness is an essential assumption
in Theorem 4.
Example 6. If A is a subgroup of GL2(C) generated by matrices
{(
t 0
0 1
t
)
, t > 0
}
and
(
0 1
1 0
)
,
then every finite subgroup of A is abelian but A itself is not abelian and is even
irreducible (A is isomorphic to RZ2). Note also that A is a Lie group.
It is clear from the proof of Theorem 4 that the fact that a group, whose connected
component is a torus, contains a Zariski dense locally finite subgroup, was essential
for our purpose. It turns out that in positive characteristic, one can do better.
Theorem 7. Let k be an algebraically closed field of characteristic p > 0. Let G
be a linear algebraic group over k. Then G contains a locally finite Zariski dense
subgroup.
Proof. We shall induct on the dimension of G. If dimG = 0, the result is clear.
Let U be the unipotent radical of G. As we noted, this is locally finite, so we may
pass to G/U and assume that U = 1.
So G is reductive (i.e., its connected component G0 is). Consider the center
Z(G0) of G0. Its connected component T is a torus. Assume T /= 1. Then, by
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induction, there exists a subgroup X/T in G/T which is locally finite and Za-
riski dense in G/T . Note that X is Zariski dense in G. We claim that for every
x ∈ X the coset xT is of the form yT with y of finite order. Indeed, if X0/T
is a finite subgroup of X/T then by Lemma 3 we have X0 = FT with F finite,
whence the claim. Let X′ = X ∩ G0 and note that X′ is Zariski dense in G0. We
claim that the elements of finite order in X′ form a (characteristic) subgroup Y of
X′. To see this, take x, y ∈ X′ of finite order and consider the group H = 〈x, y〉.
Since HT/T is finite (because X′ is locally finite modulo T ) and T is central in
HT , it follows that the derived subgroup (H,H) is finite, therefore H is finite as
claimed.
Next we show that Y is Zariski dense in G0. Indeed, since Y contains the torsion
subgroup M of T , the Zariski closure of Y contains T . By what we have proved
above YT = X′ and so Y is dense in G0 as claimed. Finally, since X normalizes X′,
it also normalizes Y . Since X/X′ is finite and X/T is locally finite, there exists a
subgroup V of X such that V T/T is finite and X = VX′. Again, by Lemma 3 there
exists a finite subgroup F such that V T = FT . Now consider FY . Since FY/Y is
finite, FY is locally finite. The Zariski closure of FY contains T and X′, hence X,
therefore FY is dense in G as claimed.
So we may assume that the connected component of the center of G0 is trivial, i.e.,
G0 = H is semisimple. Consider the morphism G → Aut(H) given by conjugation.
Its kernel is finite, so it suffices to find a locally finite Zariski dense subgroup in
Aut(H). It is well-known that Aut(H) = Ad H , where  is a subgroup of the
(finite) group of automorphisms of the Dynkin diagram of H and Ad H is the adjoint
group of H .
Let k′ be the algebraic closure of the prime field in k. Then both  and Ad H
are defined over k′. Now Ad H(k′) is locally finite (since it is a subgroup of some
GLn(k
′)) and Zariski dense in AdH . Since  is defined over k′, it normalizes
Ad H(k′). Therefore Aut(H)(k′) = Ad H(k′) is locally finite and Zariski dense
in Aut(H) as desired. 
As an immediate corollary to both Theorems 4 and 7 we have the following result.
Corollary 8. Let G be a compact Lie group or a linear algebraic group over an
algebraically closed field k. If char(k) = 0, assume that the unipotent radical of G
is trivial.
If every finite subgroup of G is solvable or nilpotent, then G is solvable or nilpo-
tent respectively, and the derived length of G or the degree of nilpotency of G is the
maximum obtained over all finite subgroups.
Proof. That G is solvable or nilpotent follows from Theorem 4. If G is compact
or char(k) = 0, then by the proof of Theorem 4 the connected component of G is a
torus. So in this case by Lemma 1 and, if char(k) = p > 0, by Theorem 7 G contains
a locally finite dense subgroup. The claim now follows immediately. 
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Both Theorems 4 and 7 together yield also the following corollary which may be
of some interest on its own account. Note that, in characteristic zero, triangulariz-
ability coincides with being abelian for finite groups.
Corollary 9. Let G < GLn(k) be a linear algebraic group over an algebraically
closed field k. Then G is triangularizable if and only if all its finite subgroups are
triangularizable.
Proof. First, assume char(k) = 0 and write G = RU by Levi’s theorem (U the
unipotent radical of G). Now G is triangularizable precisely when R is abelian and
this follows by Theorem 4.
If char(k) = p > 0, recall (see [2]) that any multiplicative (semi)group in Mn(k)
is triangularizable if and only if the (additive) commutators of its elements are nil-
potent. This condition is polynomial and is, by assumption, satisfied by every finite
subgroup of G and, therefore, by a locally finite Zariski dense subgroup of G, which
exists by Theorem 7, hence by G as claimed. 
3. Some concluding remarks
Note that (in any characteristic), if G is a linear algebraic group and has a simple
connected linear algebraic group H as a composition factor as an algebraic group,
then G satisfies no group law. In characteristic zero, H will contain a nonabelian
free group (already PSL2(Z) does). In positive characteristic, it is not necessarily
the case that H contains a free nonabelian subgroup (because if k is algebraic over a
finite field, then H(k) is locally finite).
However, it is the case if k is not algebraic over a finite field that H(k) contains
a nonabelian free group (see [6, Theorem 4]) and this implies no dense subgroup
satisfies any group law. In particular, there is no group law satisfied by all finite
subgroups of G.
On the other hand, in characteristic zero, if F is a finite subgroup of G, then F
contains an abelian subgroup of index at most m = m(G) by Jordan’s theorem and
so every finite subgroup does satisfy a specific group law, namely one of the form
[xm, ym] = 1 for some fixed m = m(G).
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